Abstract. We show that all compact connected toric contact manifolds in dimension greater than three are weakly symplectically fillable and many of them are strongly symplectically fillable. The proof is based on the Lerman's classification of toric contact manifolds and on our observation that the only contact manifolds in higher dimensions that admit free toric action are
Introduction
A toric contact manifold is a co-oriented contact manifold (V 2d−1 , ξ) with an effective action of the torus T d = (R/2πZ) d , that preserves the contact structure ξ. To each toric contact manifold one can associate a moment cone (see for instance [L1, Definition 2.14]). A complete classification of compact connected toric contact manifolds was done by Lerman [Theorem 2.18. L1] . In dimension greater than three the classification is the following. If the action is not free then V is uniquely determined by the moment cone. Moreover, V is either of Reeb type (when the cone is strictly convex) or V = T k × S 2m+k−1 , m + k = d, m, k ∈ N with the unique toric contact structure (see Section 2.1). If the toric action is free then V is a principal T d −bundle over a sphere S d−1 and each principal T d −bundle over S d−1 admits unique toric contact structure (see [L1, Theorem 2.18 (iii) ]). These bundles are classified by H 2 (S d−1 , Z d ). Thus, if d = 3 there is only a trivial bundle and if d = 3 there are Z 3 such bundles, each of them admitting unique toric contact structure. In Section 2.2 we show that among these Z 3 toric contact manifolds there are only Z different contact manifolds and these are T 2 × L k , k ∈ Z (including T 3 × S 2 ), where L k is a lens space. They all admit the unique free toric action up to reparametrization of the torus.
In this note we examine the question of strong and weak symplectic fillability of toric contact manifolds. A compact symplectic manifold (W, ω) is called a strong symplectic filling of a contact manifold (V, ξ) if V is a topological boundary of W , and if there is a vector field X defined in a neighborhood of V in W such that ω(X, ·)| T V is a positive contact form for (V, ξ) and L X ω = ω. Note that the last condition is equivalent to ω being exact on the boundary of W, because of the Cartan's formula L X ω = dω(X, ·, ·) + d(ω(X, ·)) = d(ω(X, ·)). The vector field X is called a Liouville vector field if it extends to the whole W . A definition of weak fillability in dimensions greater than three was recently introduced by Massot, Niederkrüger and Wendl in [MNW] and it generalizes this definition in dimension three. A compact symplectic manifold (W, ω) is called a weak symplectic filling of a contact manifold (V, ξ) if V is a topological boundary of W , and if there is a positive contact form α on V such that the orientation on V given by α agrees with the boundary orientation 1 of W and α ∧ (ω| ξ + τ dα) d−1 > 0, for all τ ≥ 0. Note that both definitions (strong and weak fillability) do not depend on the choice of a positive contact form in the same contact structure. A contact manifold (V, ξ) is called strongly (weakly) symplectically fillable if it allows a strong (weak) symplectic filling. A strong symplectic filling is also a weak symplectic filling. However, in [MNW] examples of weakly but not strongly fillable contact manifolds are provided.
We are now ready to state the main theorem in this note.
Theorem 1.1. Any compact connected toric contact manifold of dimension greater than three is weakly symplectically fillable. Moreover, if the toric action is not free, or if the toric contact manifold is a trivial principal T d -bundle over S d−1 (with a free toric action) then V is strongly symplectically fillable.
The proof is based on Lerman's classification of toric contact manifolds and on the classification of contact structures on non trivial T 3 -bundles over S 2 that admit free toric action, done in Section 2.2. For these particular contact structures we are able to show only weak fillability (see Proposition 3.7). We do not know if strong fillability result holds in these cases. We point out that this classification does not include all contact structures on T 2 ×L k . In [P] Presas constructed non fillable contact structure on T 2 × S 3 , thus not the toric ones.
Recently, Borman, Eliashberg and Murphy [BEM] introduced the notion of overtwisted contact structures in dimensions higher than three. This definition generalizes well known definition of overtwisted contact 3-manifolds. Since overtwisted contact structure is not weakly fillable we conclude: Corollary 1.2. There does not exist toric contact manifold in dimension greater than three with overtwisted contact structure.
Let us review 3-dimensional toric contact case. Contact 3-manifolds that admit a free toric action are (T 3 , ξ k = ker(cos(kθ)dθ 1 + sin(kθ)dθ 2 )), k ∈ N (see [L1, Theorem 2.18(i) ]) with the moment cone equal to R 2 . Giroux in [Gi] proved these are weakly fillable while Eliashberg in [E2] proved ξ k is strongly symplectically fillable if and only if k = 1. Further, contact 3-manifolds that admit a non free toric action are topologically S 1 × S 2 and lens spaces L k , with various toric contact structures (see [L1, Theorem 2.18 (ii)]). When the moment cone for these toric contact structures is strictly convex then they are prequantization spaces (see [L3, Lemma 3.7] ) and thus strongly fillable (see Theorem 3.1). Convex, but not strictly convex moment cone corresponds to S 1 ×S 2 with the standard (toric) contact structure, that is strongly fillable (see Proposition 3.4). In his thesis, Niederkrüger proved that if the moment cone corresponding to the 3-dimensional toric contact manifold is not convex then the toric contact structure is overtwisted, thus non weakly fillable. First examples of overtwisted toric contact 3-manifolds are provided by Lerman in [L2] . We summarise these results: Theorem 1.3. A toric contact 3-manifold is weakly fillable if and only if the corresponding moment cone is convex. Moreover, if the cone is convex and the toric contact manifold is not contactomorphic to (T 3 , ξ k ), k > 1 then it is strongly fillable.
We remark that the moment cone that corresponds to a higher dimensional toric contact manifold is always convex (see [L1, Theorem 4.2] ).
2. Classification of toric contact manifolds 2.1. Toric contact manifolds with non free toric action. Let (V, ξ) be a compact connected toric contact manifold. According to Lerman's classification theorem if the toric action is not free and dim V > 3 then V is uniquely determined by the moment cone [L1, Theorem 2.18 (iii) ].
We recall that a moment cone of a toric contact manifold (V, ξ = ker α) is defined to be a cone over µ α (V ) where µ α : V → (t d ) * is a moment map (see [L1, Definition 2.7] ) and α is an invariant contact form on V . Note that an invariant contact form α always exists. Precisely, if α is not T d -invariant we obtain an invariant contact form α inv by averaging, that is α inv = t∈T d t * α. A moment cone can equivalently be defined as the union of the origin and a moment map image of (V × R + , d(e t α inv )), the symplectization of V, that is a toric symplectic manifold, whenever underlying contact manifold is toric. A moment cone of higer dimensional toric contact manifolds is always convex (see [L1, Theorem 4 .2]). Moreover:
(1) If the cone is strictly convex, meaning it does not contain any linear subspace of positive dimension, then the corresponding contact manifold is of Reeb type (see [BG] ). Being of Reeb type means that the Reeb vector field corresponds to some element in the Lie algebra of T d . For the purpose of this note it is relevant to say that any toric contact manifold of Reeb type is a prequantization of some toric symplectic orbifold (see [L3, Lemma 3.7] ).
(2) If the cone is not strictly convex then the corresponding toric contact manifold is T k × S 2m+k−1 with the unique toric contact structure (see [L4, Theorem III.15]) where k > 0 is the dimension of the linear subspace contained in the cone (and this manifold is not of Reeb type). Using the coordinates
the invariant contact structure is given as the kernel of the following contact form
and the toric T m+k -action on T k × S 2m+k−1 is given by
2.2. Toric contact manifolds with a free toric action. As mentioned in Introduction, a toric contact manifold in dimension greater than three with a free toric action appears only as the total space of a principal
and each such bundle admits unique toric contact structure. These contact structures are particular examples of the contact structures constructed by Lutz [Lu] . The toric contact manifold corresponding to the trivial bundle is (
Observe that non-trivial principal T d -bundles over S d−1 exists only when d = 3. In general, all principal G−bundles over a CW-complex X, up to isomorphism of the bundles, are in bijection with [X, BG] , homotopy classes of all maps f : X → BG, where BG denotes the classifying space for G. Precisely, every such bundle is isomorphic to the bundle f * γ, the pull back of the universal bundle γ corresponding to G, for some map f : [H, Example 4.50] ). Next, [X, K(F, n)] is in bijection with H n (X, F ), for any CW-complex X and any abelian group F (see [H, Theorem 4.57] 
, it follows that there are Z 3 principal T 3 -bundles over S 2 , each of them represented by the triple of integers (k 1 , k 2 , k 3 ). Due to Lerman, each triple represents unique toric contact manifold with a free toric action.
The main purpose of the rest of the Section is to show that all toric contact manifolds corresponding to the triples with the same greatest common divisor are contactomorphic.
Lemma 2.1. The total space of any non-trivial principal
Proof. As explained above, every principal
with the free T 3 = (R/2πZ) 3 -action given by
(2.1) and the projection π :
• (0, k 2 , k 3 ), when k 2 , k 3 ∈ Z\{0}, represents the fibre sum of one trivial and two non-trivial S 1 −bundles over S 2 ,thus the total space is
• (0, 0, k) represents the fibre sum of two trivial and one non-trivial S 1 −bundle over S 2 . The total space is T 2 × L k with the free T 3 -action given by
and the projection
• (0, 0, 0) represents a fibre sum of three trivial S 1 −bundles over S 2 . The total space is T 3 × S 2 and this is a trivial bundle. Let us now show that for all k 1 , k 2 , k 3 ∈ Z\{0}, there is a fibrewise diffeomorphism
. These open subsets are homeomorphic to C, where homeomorphisms are given by
respectively. Now we trivialize both bundles over U and W. First we trivialize the bundle
and
Φ U and Φ W are homeomorphisms and the tranzition function
Now we trivialize the bundle T 2 × L k over U and W. Define Ψ U : p
Ψ U and Ψ W are homeomorphisms and the tranzition function
In order to show that two bundles with only one transition function are equivalent we have to find maps λ U : T 3 × U → T 3 × U and λ W : T 3 × W → T 3 × W, that are equal to identity on U and W respectively, that are automorphisms of T 3 , for every [z 1 , z 2 ] ∈ U and every [z 1 , z 2 ] ∈ W and satisfy
with determinant equal to 1 that sends (k 1 , k 2 , k 3 ) to (0, 0, k). With such a choice of λ U and λ W follows λ W • g U W = g ′ U W • λ U . In a similar way it can be shown that for all k 2 , k 3 ∈ Z\{0} there is a fibrewise diffeomorphism between
Let us now see what is a T
and similarly Λ W . Let Λ be equal to Λ U and Λ W on π −1 (U ) and π −1 (W ) respectively. Since Λ U = Λ W on π −1 (U ∩ W ) follows that Λ is well defined and it is a diffeomorhism from
When we conjugate by Λ the action (2.1) we obtain the
2.4) where the integer numbers A i , B i , C i , i = 1, 2, 3 we read from the matrix (2.3). The action represented by (0, 0, k) (see (2.2)) is a particular case of this general form. Note that T 3 -actions represented by the triples with the same greatest common divisor differ only by a reparametrization of T 3 .
Consider a 1-form on T 2 × S 3
Precisely, α is a pull back under the diffeomorphism (e iθ 1 , e iθ 2 , z 1 , z 2 ) → (e iθ 1 , e iθ 2 , 1 √ 2 (z 1 + iz 2 , iz 1 + z 2 ) of the contact form obtained by Bourgeois construction [B] with respect to the open book on S 3 given by the map f (z 1 , z 2 ) = z 2 1 + z 2 2 ([Et, Example 2.7 (3)]). Thus, α is a contact form. Moreover, α is invariant under the T 3 -action (2.4) for any choice of k 1 , k 2 , k 3 ∈ Z with GCD(k 1 , k 2 , k 3 ) = 1. In particular, α is invariant under the diagonal Z k -action on S 3 -factor of T 2 × S 3 , so it descends to a contact form α k on the quotient T 2 × L k and the contact form α k is invariant under the T 3 -action (2.4) for any choice of
is a contact manifold with free toric actions, for any choice of k 1 , k 2 , k 3 with GCD(k 1 , k 2 , k 3 ) = k. We proved the following Theorem:
Theorem 2.2. Contact manifolds with a free toric action that correspond to non trivial T 3 -bundles over S 2 are of the form (T 2 × L k , α k ), k ∈ Z\{0} where the toric action is given by (2.4). Precisely, all toric contact manifolds represented by the triples with the same greatest common divisor k are contactomorphic to (T 2 × L k , α k ).
We finish this classification by comparing the toric actions.
admits infinitely many non equivalent toric actions. However, if we allow a reparametrization of the torus, then they are all the same.
. Since the group of diffeomorphisms of S 2 is equal to the orthogonal group O(3), and O(3) has two connected components, SO(3) and −SO(3), it follows that f belongs to one of these two subgroups. If f ∈ SO(3) then f is homotopic to the identity i d on S 2 and follows
. On the other hand, if f ∈ −SO(3) then f is homotopic to the map j(x, y, z) = (−x, −y, −z) on S 2 and follows
Since the choice of such triples with GCD = k is infinite follows the proof of the first part of Proposition. The following automorphism of the torus
shows that the action corresponding to (k 1 , k 2 , k 3 ) is just the reparametrization of the action corresponding to (0, 0, k).
Weak and strong symplectic fillability
In this Section we prove Theorem 1.1 using the classification of toric contact manifolds described in Section 2. Note that the fillability property does not depend on the toric action, it only depends on the contact structure. We first recall a relevant Theorem proved by K. Niederkrüger and F. Pasquotto. Since any toric contact manifold of Reeb type is a prequantization of some toric symplectic orbifold (see [L3, Lemma 3.7] ) it follows:
Corollary 3.2. Any toric contact manifold of Reeb type is strongly symplectically fillable.
Remark 3.3. Note that Theorem 3.1 holds in dimension three as well. Thus, a toric contact 3-manifold with an overtwisted toric contact structure cannot be of Reeb type. Therefore the class of toric contact manifolds that are not of Reeb type, with non free toric action, is much larger in dimension 3 than in higher dimensions, where it is only T k × S 2m+k−1 , with the unique toric contact structure.
Proof. The strong symplectic filling is (T k × D 2m+k , ω, X) where
Remark 3.5. For the contact manifolds from previous Proposition a stronger notion of fillability holds. A manifold M is a Stein manifold if it admits a smooth non negative proper function f and an almost complex structure J such that For the purpose of this note we prove the following Lemma in dimension 5, but, as mentioned in [MNW] it holds in higer dimensions as well.
Lemma 3.6. If (V, ξ = Kerα ′ ), dimV = 3 is a weakly fillable contact manifold and (W, ω) is the weak filling, then a contact manifold (T 2 × V, α = f 1 dθ 1 + f 2 dθ 2 + α ′ ), is weakly fillable by (T 2 × W, ω ⊕ vol T 2 ), for any choice of smooth functions f i : V → R, i = 1, 2 that makes α a contact form.
Proof. Since α ′ is a positive contact form, holds α ′ ∧ dα ′ > 0. Being weakly fillable holds α ′ ∧ (ω + τ dα ′ ) > 0, for all constants τ ≥ 0, and, in particular α ′ ∧ ω > 0. Next, we fix the orientation on T 2 × V, given by a contact form α, that is α ∧ dα 2 > 0. Note that α ′ ∧ dα ′ ∧ vol T 2 = 0, i.e it is also a volume form on T 2 × V . Assume
i.e assume α ′ ∧ dα ′ ∧ dθ 1 ∧ dθ 2 induces the same orientation as α ∧ dα 2 . Since α ′ ∧ ω induces the same orientation on V as α ′ ∧ dα ′ also holds
Now, instead of α for any t > 0, consider 1-form
Since α t is a contact form on T 2 × V inducing the same orientation as α, for all t > 0 holds
We want to show that P t (τ ) > 0 for all τ ≥ 0 and for some small t > 0 where
∧2 .
It follows that
In order to show that for some small t > 0 holds P t (τ ) > 0 for all τ ≥ 0, it is enough to show that the function P t (τ ) is increasing, since P t (0) > 0. So, we want to show that the first derivative (with respect to τ ) of P t (τ ) is positive (for some small fixed t > 0). It follows that
The first summand in P ′ t is positive for all t > 0 and all τ > 0. The second summand is a positive constant (doesn't depend on τ ). Let us chose t > 0 small enough such that
For such a small t > 0, follows that P ′ t is positive, thus P t is monotone, increasing function. Note that t > 0 depends on the point p ∈ T 2 × V in which we compute 2α
If V is compact we can find t that will not depend on the point, i.e we can find t such that 2α ′ ∧ dα ′ ∧ dθ 1 ∧ dθ 2 + t 2 (f 2 df 1 − f 1 df 2 ) ∧ ω ∧ dθ 1 ∧ dθ 2 is positive for all points.
Proposition 3.7. (T 2 × L k , α k ), k ∈ Z\{0} is weakly symplectically fillable.
Proof. The contact form α given by 2.5 is a particular example of the contact form considered in Lemma 3.6 with α ′ 1 = i 4 (z 1 dz 1 − z 1 dz 1 − (z 2 dz 2 − z 2 dz 2 )) as a last summand. Recall that α k is obtained from α under the Z k -action thus α k is also a particular example Lemma 3.6. In order to apply Lemma 3.6 we have to show that (L k , α ′ k ) is a weakly fillable contact manifold. It is enough to show that (L k , α ′ k ) is a prequantization space, because then it is strongly fillable (Theorem 3.1) and thus also weakly fillable. Note the Reeb vector field R α ′ corresponding to α ′ generates S 1 -action on S 3 that is the anti-diagonal action t * (z 1 , z 2 ) → (tz 1 , tz 2 ). So, we have a bundle (π 1 : S 3 → B = S 3 / ∼ ). On the other hand, a diagonal circle action t * (z 1 , z 2 ) → (tz 1 , tz 2 ) on S 3 gives a bundle (π 2 : S 3 → CP 1 ). The diffeomorphism ϕ : S 3 → S 3 given by ϕ(z 1 , z 2 ) = (z 1 , z 2 ) intertwines the anti-diagonal and the diagonal action. So, ϕ is a diffeomorphism of two bundles (π 1 : S 3 → B = S 3 / ∼ ) and (π 2 : S 3 → CP 1 ) and it induces a diffeomorphism of base spaces ϕ : B → CP 1 such that π 2 • ϕ = ϕ • π 1 . It is well known that (S 3 , α st = i 2 (z 1 dz 1 − z 1 dz 1 + (z 2 dz 2 − z 2 dz 2 )) is a prequantization of (CP 1 , ω F S ) with respect to the diagonal circle action. So it holds π * 2 (ω F S ) = dα 2 . Since ϕ * α st = α ′ it follows that
Thus (S 3 , α ′ ) is a prequantization of (B = ϕ −1 (CP 1 ), ϕ * (ω F S )) with respect to the antidiagonal circle action. Similarly follows that (L k , α ′ k ) is also a prequantization space. According to classification explained in Section 2.1 and Theorem 2.2 follows that Corollary 3.2, Proposition 3.4 and Proposition 3.7 complete the proof of Theorem 1.1.
